
Essential Astrophysics SS 19 Tutorial 4.7.2019 Page 1

Problem set #8

Problem 1 Gravitational potential

(a) Consider an N -body system of stars with coordinates ~xi and masses mi, i = 1, . . . , N .
Show that the negative of the gradient of the quantity Φ, defined as

Φ(~x) = −
N∑

i=1

Gmi

|~x− ~xi|
,

is equal to the gravitational force of the system. (In other words, Φ is the gravitational
potential of the system.)

(b) Newton proved two results that enable us to calculate the gravitational potential of
any spherically symmetric distribution of matter easily:

Newton’s first theorem: A body that is inside a spherical shell of matter experi-

ences no net gravitational force from that shell.

Newton’s second theorem: The gravitational force on a body that lies outside a

spherical shell of matter is the same as it would be if all the shell’s matter were

concentrated into a point at its center.

Consider a spherical distribution of mass with density ρ(r) ∼ r−n, with n = d ln ρ/d ln r.

• Use Newton’s theorems to calculate the gravitational force F on a particle of mass
m1 at a position r1 for n = 1, 2, 3, 4.

• How does the total mass of the system behave when going to large radii (r1 → ∞)?

• At what value for n does this behaviour change?

Problem 2 Tully-Fisher relation

The Tully-Fisher relation is an empirical correlation between the luminosities of disk galax-
ies (the luminosities of their stellar disks) and their circular velocities. If you assume an
exponential surface density profile for the stellar disk, Σ(r) = Σ0e

−r/rd , where rd gives the
typical size of the disk, and a Tully-Fisher relation of the form L ∼ v4

max
,

(a) Find the total mass of the disk M as a function of rd.

(b) How large is the size of a galaxy of mass
1

3
M?

(c) Find the mass-to-light ratio M/L. Use v2
max

=
M

rd
.
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Problem 3 The black-hole-mass–velocity-dispersion relation

There is observational evidence that most elliptical galaxies harbor supermassive black holes
at their centers. The observations indicate that the black hole masses correlate with global
properties of the galaxies. In the table below you will find measurements of the black hole
masses MBH and the velocity dispersions σ of the stellar component for a number of elliptical
galaxies. Plot the black hole mass against the velocity dispersion and verify that a correlation
exists.

Which of the following functions represents the data best?

• MBH = ασ + β

• MBH = αeβσ

• MBH = ασβ

• MBH = α log(βσ)

Determine the parameters α and β of that function.
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